
1er Congreso de Eficiencia y Productividad - Badajoz

Benchmarking Economic Efficiency: 
Technical and Allocative Fundamentals

2022 1

1er Congreso de Eficiencia y Productividad
Universidad de Extremadura - Badajoz

José L. Zofío 

José L. Zofío



1er Congreso de Eficiencia y Productividad - Badajoz 2

Presentation and Outline
The measurement and decomposition of the economic efficiency of 
organizations (firms, branches, departments, etc.), is receiving increasing 
attention from theoretical and applied scholars interested in identifying the 
technical and allocative causes underlying suboptimal market behavior, i.e., 
why organizations fail to achieve an economic goal.
In this talk we will review the ‘state-of-the-art’ in measuring econ. efficiency:

1) Definitions of profit, profitability, cost, and revenue efficiencies.    
2) Duality theory enables their consistent decomposition into technical and 

allocative efficiency.
3) Decomposing economic efficiency: Theory (DEA) and Practice (BEE.jl)
4) Extensions: endogenous models and dynamic models
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Definitions
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What is Economic (In)Efficiency?
Economic efficiency defines as the ability of firms to achieve optimal 
performance in terms of a reference economic benchmark (objective 
function ≡ optimizing behavior): profit, profitability, cost, or revenue.  

For an individual firm, economic efficiency analysis compares its observed 
profit, profitability, cost or revenue, with the optimal economic 
benchmark within the industry or corporation. 

It represents a systematic way of evaluating performance against those of 
the competitors and therefore contribute with relevant quantity and price 
indicators complementing popular measures like ROA, SWOT,….
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Historical Remarks

Economic efficiency analysis was introduced by Farrell (1957), inspired by 
Debreu’s (1951) “coefficient of resource utilization”. Therefore, it dates back 
to the very first paper on firm’s efficiency. Farrell introduced the canonical 
model decomposing economic efficiency (cost) into technical and allocative 
efficiency:  CE = TE × AE, where AE is a residual.

Shephard (1953, 1970) mathematically formalized the concept of technical 
efficiency in terms of distance functions (input) and developed the duality 
with the supporting economic function (cost), which is the corner stone in 
economic efficiency analysis.
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Historical Remarks
Shephard fell short from formalizing economic efficiency a la Farrell. Färe and 
Primont (1995) present this formalization and connect both authors (cost 
and revenue).

Moreover, they resort to Kooopmans (1951) ‘Activity Analysis’ and its 
associated Data Envelopment Analysis (DEA) optimizing techniques 
(introduced by Charnes et al., 1978) to render economic efficiency 
operational. 

They built upon Färe et al. (1985), who presented a comprehensive analysis 
of economic efficiency (cost and revenue, profit with the hyperbolic distance 
function), but did not resort to duality theory.
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Duality Theory
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Duality at work !

Cost efficiency (multiplicative):
- Observed cost: 

- Cost function: 

- Technical efficiency:  

Duality theory relates the cost function and technology:

Embedding the so-called Fenchel-Mahler inequality:
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Duality at work !
Duality between the cost function and input TE (shadow and market prices). 
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Duality at work !
- And we can define the following cost efficiency measure relating the cost 

function, observed cost and the technical efficiency measure:

- Closing the inequality, we obtain the decomposition of cost efficiency:
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Historical Remarks

Economic efficiency analysis remained confined to the cost and revenue 
dimensions until Chambers et al. (1996, 1998) introduced the duality 
between the profit function and the directional distance function, DDF
(Luenberger, 1992) ⇒ Additive decomposition: ΠI = TIEM(G) + AIEM(G), where AI
is a residual. Notation.
Zofío and Prieto (2006) formalized the dual relationship  between the 
profitability function and the generalized distance function, GDF (Chavas
and Cox, 1999) ⇒ Multiplicative decomposition: ΓE = TEGDF × AEGDF, , where 
AE is a residual. Notation.
The cost and revenue analyses represent particular cases (nested models) of 
the profit and profitability decompositions. Notation.

20182022 José L. Zofío
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Duality: Additive Economic Efficiency

Normalization factor, NFDDF
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Profit efficiency decomposition 
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Duality: Profit and Profitability Efficiency
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Duality: Multiplicative Economic Efficiency
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Profit and profitability efficiency decomposition 
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Measuring and Decomposing
Economic Efficiency
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References: Models of Economic Efficiency
Theory Practice
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Software
Julia or GitHub repositories
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Webpage
www.benchmarkingeconomicefficiency.com
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Roadmap: Novel Models of Economic Efficiency
Multiplicative decomp. of economic efficiency: EE = TE × AE (Weak EM)
 Farrell (Radial Efficiency) Measures (Shephard’s Distance Functions):
Cost Efficiency & Revenue Efficiency   

 Generalized Distance Function (Hyperbolic Efficiency):
Profitability Efficiency: Profitability = Revenue / Cost =R / C

Additive decomp. of economic inefficiency: EI = TI + AI (Strong IM)
 Russell Inefficiency Measure (Russell)
 Weighted Additive Distance Function     (WADF) 
 Enhanced Russell Inefficiency Measure (SBM) 
 Directional Distance Function (Weak IM)   (DDF) 
 Hölder Distance Function (Weak IM)            (HDF)
 Modified Distance Function (Weak IM)            (MDF)
 Reverse Distance Function (RDF)
 General Direct Approach (GDA)

Cost Inefficiency
Revenue Inefficiency
Profit Inefficiency (Profit Π=R-C)  

2022 José L. Zofío
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Additive Models: Profit Inefficiency (Gen. Model)
Normalized Profit Inefficiency: usual technological axioms (VRS)

- Observed profit:              = 

- Maximum profit:                                              

- Technical inefficiency: ≥ 0 ⇒ Duality  

- Fenchel-Mahler Inequality: 

2022 José L. Zofío



1er Congreso de Eficiencia y Productividad - Badajoz 22

The Russell Inefficiency Measure (1/2) 
Halická and Trnovská (2018) show how to solve Russell IM as a semidefinite 
programming (SDP) model and develop economic duality results.

Technical Inefficiency: TI = 1 - TE Profit Inefficiency: NΠ I
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The Russell Inefficiency Measure (2/2) 
BenchmarkingEconomicEfficiency.jl resorts to the JuMP.jl package by Dunning 
et al. (2017), along with the ‘Ipopt’ solver, Wächter and Biegler (2006). 

(Session 2B CEYP) 
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The Weighted Additive D.F.  (1/2) 
Aparicio et al. (2016) measures graph technical inefficiency based solely on 
input and output slacks and develop economic duality results.

Technical Inefficiency: TI Profit Inefficiency: NΠ I

2022 José L. Zofío
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The Weighted Additive D.F.  (2/2) 
Weight options:
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The Enhanced Russell Graph IM (or SBM)
Introduced by Pastor et al. (1999) and Tone (2001). Aparicio et al. (2017) 
develop the economic duality results.

Technical Inefficiency: TI Profit Inefficiency: NΠ I
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The Directional Distance Function (1/2) 
Chambers et al. (1996) proposed the DDF based on Luenberger’s shortage 
function, and Chambers et al. (1998) developed the economic duality results.

Technical Inefficiency: TI Profit Inefficiency: NΠ I

2022 José L. Zofío
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The Directional Distance Function (2/2) 
Options:
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The Hölder Distance Function (1/2) 
Briec (1998) introduced the Hölder DF and its economic duality (h = 2)

Technical Inefficiency: TI (h = 2, Euclidean) Profit Inefficiency: NΠ I

2022 José L. Zofío



1er Congreso de Eficiencia y Productividad - Badajoz 30

The Hölder Distance Function (1/2) 
BenchmarkingEconomicEfficiency.jl implements the Hölder function under the 
following norms: unit (h = 1), infinitum (h = ∞), and h = 2, i.e., the Euclidean 
distance (SOS conditions).

Options: 
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The Modified Directional Distance Function
Aparicio et al. (2013) introduced the Modified Directional Distance Function 
and developed the economic duality.

Technical Inefficiency: TI Profit Inefficiency: NΠ I 
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The Reverse Directional Distance Function
Pastor et al. (2016) introduced the Reverse Directional Distance Function and 
developed the economic duality.
To calculate the RDDF for an efficiency measure, EM(G), we  determine the 
directional vector,                         ,  connecting the firm and its projection:               
Therefore, the RDDF “translates” any inefficiency measure into a DDF. Solves 
the “weakly efficiency” problem of the original DDF.
Profit Inefficiency: NΠI
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The General Direct Approach (1/2) 
Pastor et al. (2022) introduced the General Direct Approach. It does not rely on 
duality theory. Again, we require a projection (EM(G)) on the frontier.
Profit Inefficiency decomposition based on slacks (weights = prices)

Normalizing by the EM(G)

2022 José L. Zofío
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The General Direct Approach (2/2) 
Normalizing factor

Profit Inefficiency:
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Additive Models: Cost and Revenue Efficiency (GM)
Normalized Cost and Revenue Inefficiency: Input and Output Orientation
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Multiplicative Models: Profitability Efficiency (1/2)
Normalized Profitability Inefficiency: Technological axioms (VRS & CRS)

- Observed profitability:          =       

- Maximum profitability:                                              

- Technical efficiency:  ≤ 1 ⇒ Duality  

- Fenchel-Mahler Inequality: 

≤
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Multiplicative Models: Profitability Efficiency (2/2)
Technical Efficiency: TE               

Profitability Efficiency: ΓE
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What Economic Model Is Better? (1/2)

2018 Professor José L. Zofío

1) General Considerations: Aim of study, Input or Output Discretionarity, 
Data Availability ⇒ Duality drives the choice of technical (in)efficiency

2) Properties: 
• Technical (in)efficiency:
 Indication, Commensurability, Monotonicity, Homogeneity, Translation inv.,… 

• Economic (in)efficiency:
 Commensurability, Indication, Price Homogeneity, Quantity Homogeneity,… 

• Allocative (in)efficiency: (Session 1A CEYP). 
 Essentiality, Extended Essentiality. 

3) There is a trade-off between Indication (TE) and Essentiality (AE)
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What Economic Model is better? (2/2)
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Extensions

Extensions

2022 José L. Zofío



1er Congreso de Eficiencia y Productividad - Badajoz 41

Endogenous models (1/2)

The decomposition of economic efficiency depends on the exogenous 
and subjective choice of model; e.g. above directional vector (DDF).

Zofío, Pastor and Aparicio (2013) endogenize the directional vector (DDF) 
in the profit decomposition ⇒ This provides inconsistent strategies when 
solving economic inefficiencies that result in adjustments costs. 

Observations are directly projected on the economic benchmark (e.g. 
maximum profit, minimum costs) ⇒ Profit (in)efficiency is then technical 
or allocative efficient (deemed “too extreme” by Petersen (2018).  

This model/idea has been recently applied by Kapelko, Oude-Lansink and 
Zofío (2022) and Pastor, Zofío et al. (2022) (Session 1A CEYP).
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Profit and profitability efficiency decompostion
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Endogenous models (2/2)
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Profit Change (Cost, Revenue, Profitability) (1/2)

2018

Economic efficiency is a building block in the decomposition of economic 
efficiency change (Profit, Cost, Revenue, Profitability). (GT and Lovell, 2015)

Aparicio and Zofío (2022) introduce exact decomposition of profit change 
using Konüs and Bennet indicators of changes in prices and quantities 
(Diewert, 2014, Balk and Zofío, 2019).

Profit change: 

Then, profit inefficiency can be decomposed into profit inefficiency change, 
technological change, and output and input price changes:

( )1 0 1 1 1 1 0 0 0 0·∆Π ≡Π −Π = ⋅ − − ⋅ − ⋅o o o o o o op y w x p y w x
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Profit Change (Cost, Revenue, Profitability) (2/2)

- where:

We can now decompose profit inefficiency resorting to  any of the above 
models. Relying on  the DDF we obtain: 

- And substituting into the profit change expression we obtain:
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Conclusions
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Conclusions
Economic efficiency (profit, profitability, cost, or revenue) can be 
consistently decomposed resorting to duality theory.  
Any (in)efficiency measure (distance function) that is capable of 
characterizing the production technology (representation property) can be 
used to decompose economic efficiency into technical and allocative 
components. All decompositions are different!!!
At the moment, no technical (in)efficiency measure satisfies all desired 
properties: Indication vs. Essentiality. Current work on this issue.
The decomposition of economic efficiency is subjective as it depends on the 
choice of model (e.g., slacks, Hölder, DDF,…) ⇒ Endogenous models.
Profit efficiency enters the decomposition of profit change (profit., cost, rev.) 
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